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On the optimal paving over MASAs 
in von Neumann algebras 

BY SORIN Pop4il and Stefaan Vae^ 

Abstract 

We prove that if A is a singular MASA in a IIi factor M and a; is a free ultrafilter, then for 
any x G M Q A, with ||x|| < 1, and any n > 2, there exists a partition of 1 with projections 
pi,P 2 , ■■■,Pn G A“ (i.e. a paving) such that < 2\/n — 1/n, and give examples 

where this is sharp. Some open problems on optimal pavings are discussed. 


1 Introduction 

A famous problem formulated by R.V. Kadison and I.M. Singer in 1959 asked whether the 
diagonal MASA (maximal abelian *-subalgebra) V of the algebra R(£^N), of all linear bounded 
operators on the Hilbert space satisfies the paving property, requiring that for any con¬ 
traction X = X* G with 0 on the diagonal, and any e > 0, there exists a partition of 1 

with projections pi, ...,pn G V, such that || YliPi^PiW — This problem has been settled in the 
affirmative by A. Marcus, D. Spielman and N. Srivastava in |MSS13| . with an actual estimate 
n < for the paving size, i.e., for the minimal number n = n{x,£) of such projections. 

In a recent paper |PV14j . we considered a notion of paving for an arbitrary MASA in a von 
Neumann algebra A C M, that we called so-paving, which requires that for any x = x* G M 
and any e > 0, there exist n > 1, a net of partitions of 1 with n projections pi^i, ...,pn,i G A and 
projections qi G M such that \\qiiJi‘^^iPk,ixpk,i — o,i)qi\\ < £, Vi, and g* —)• 1 in the so-topology. 

This property is in general weaker than the classic Kadison-Singer norm paving, but it coincides 
with it for the diagonal MASA V C We conjectured in |PV14j that any MASA A G M 

satisfies so-paving. We used the results in [MSS13| to check this conjecture for all MASAs in 
type I von Neumann algebras, and all Cartan MASAs in amenable von Neumann algebras and 
in group measure space factors arising from profinite actions, with the estimate for the 

so-paving size derived from [MSS13j as well. 

We also showed in |PV 14j that if A is the range of a normal conditional expectation, E : M ^ A, 
and CO is a free ultrafilter on N, then so-paving for A G M \s equivalent to the usual Kadison- 
Singer paving for the ultrapower MASA A^ G M‘^, with the norm paving size for A^ G M‘^ 
coinciding with the so-paving size for A G M. In the case A is a singular MASA in a IIi factor 
M, norm-paving for the ultrapower inclusion A^ G M‘^ has been established in |P13j . with 
paving size 1250e“^. This estimate was improved to < 16e“^ -|- 1 in |PV14j . while also shown 
to be > for arbitrary MASAs in IIi factors. 

In this paper we prove that the paving size for singular MASAs in IIi factors is in fact < 4e“^-|-l, 
and that for certain singular MASAs this is sharp. More precisely, we prove that for any 
contraction x G with 0 expectation onto A^, and for any n > 2, there exists a partition 
of 1 with n projections pi G A‘^ such that < 2vT;TM/n. In fact, given any finite 
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set of contractions F C 0 , we can find a partition pi, ...,pn G A‘^ that satisfies this 

estimate for all x ^ F, so even the multipaving size for singular MAS As is < + 1. 

To construct pavings satisfying this estimate, we first use Theorem 4.1(a) in |P13j to get a 
unitary u G AF’ with = 1, t{u^) = 0, l<A;<n — 1, such that any word with alternating 
letters from {u^ \ 1 < k < n — 1} and F VJ F* has trace 0. This implies that for each x £ F 
the set X = {F~^xu~‘^~^^ \ i = 1,2,...,re} satisfies the conditions T{W^^^{x 2 k-iX 2 k)) = 0 = 
'^(n^i(a; 2 fc_i^ 2 fc)), for all rre and all Xk £ X with Xk ^ Xk+i for all k. We call L-freeness this 
property of a subset of a IIi factor. We then prove the general result, of independent interest, 
that any L-free set of contractions {xi,..., x„} satisfies the norm estimate < 2y/n — 1. 

We do this by first “dilating” {xi,Xn} to an L-free set of unitaries {Ui, ...,Un} in a larger 
III factor, for which we deduce the Kesten-type estimate = 2^/rlAFT from results in 

1 AO 74 j . This implies the inequality for the L-free contractions as well. By applying this to 

I z = l,...,re} and taking into account that = YAl^^pixpi, where 

pi, ...,Pn are the minimal spectral projections of re, we get < 2-v/re^M/re, Vx G F. 

We also notice that if M is a IIi factor, A C M is a MASA and re G M a self-adjoint unitary 
of trace 0 which is free with respect to A, then ||Ll^j^pjrepj|| > 2^/n — Ijn for any partition 
of 1 with projections in A^', with equality if and only if r(pi) = 1/re, Vi. A concrete example 
is when M = L(Z * (Z/2Z)), A = L(Z) (which is a singular MASA in M by |P81j 1 and 
re = re* G L(Z/2Z) C M denotes the canonical generator. This shows that the estimate 
4e“^ -|- 1 for the paving size is in this case optimal. 

The constant 2 ^/rl^X[ known to coincide with the spectral radius of the re-regular tree, and 
with the first eigenvalue less than re of re-regular Ramanujan graphs. Its occurence in this 
context leads us to a more refined version of a conjecture formulated in |PV14j . predicting that 
for any MASA A <Z M which is range of a normal conditional expectation, any re > 2 and any 
contraction x = x* £ M with 0 expectation onto A, the infimum e(A C M]n,x) over all norms 
of pavings of x, with re projections pi,...,pn in A^, F,iPi = 1, is bounded above 

by 2-v/re^M/re, and that in fact sup{e(A C M;re, x) | x = x* G M 0 A, ||x|| < 1} = 2^/n — 1/re. 
Such an optimal estimate would be particularly interesting to establish for the diagonal MASA 
V c 

2 Preliminaries 

A well known result of H. Kesten in [K58] shows that if denotes the free group with k 
generators hi, ...,hk, and A is the left regular representation of F^. on i‘^¥k, then the norm of the 
Laplacian operator L = S^^]^(A(/ij) -|- A(/ij"^)) is equal to 2\/2F^M. It was also shown in |K58] 
that, conversely, if k elements hi,..., h^ in a group T satisfy ||S/^j^A(/ij) -|- A(/i“^)|| = 2\/2k — 1, 
then hi, ..., hk are freely independent, generating a copy of F^ inside T. The calculation of the 
norm of L in |K58] uses the formalism of random walks on groups, but it really amounts to 
calculating the higher moments r(L^’^) and using the formula ||L|| = limm(x (^2m))l/2m, 
r denotes the canonical (normal faithful) tracial state on the group von Neumann algebra 
L{¥k). 

Kesten’s result implies that whenever ui, ...,Uk are freely independent Haar unitaries in a type 
III factor M (i.e., rei, ...,Uk generate a copy of L{¥k) inside M), then one has ||S^^^rei + re*|| = 
2\/2F^M. In particular, if M is the free group factor L{¥k) and re* = A(/ij), where hi ,..., hk £ F^. 
as above, then ||SjL^airej -|-a7re*|| = 2i/2k — 1, for any scalars Oj G C with \ai\ = 1. 

Estimates of norms of linear combinations of elements satisfying more general free independence 
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relations in group IIi factors L(r) have later been obtained in |L73j . |B74j . [AO 74^1 . These 
estimates involve elements in T(r) (viewed as convolvers on that are supported on a 
subset {( 7 i,... ,5n} C r satisfying the following weaker freeness condition, introduced in |L73] : 
whenever k >1 and ig 7 ^ is, js 7 ^ *s+i for all s, we have that 

T^e. 

In |B74] and |A074] . this is called the Leinert property and it is proved to be equivalent with 
{ 91 ^ 92 , ■ ■ ■ ,9i^gn\ freely generating a copy of F„_i. The most general calculation of norms 
of elements x = T,iCi\{gi) G T(r), supported on a Leinert set with arbitrary coefficients 

Ci G C, was obtained by Akemann and Ostrand in |A074j . The calculation shows in particular 
that if {gi,... ,gn} satisfies Leinert’s freeness condition then ||B(L^A(( 7 j)|| = 2y/n — 1. Since 
hi,...,hk G r freely independent implies {hi,h^^ | 1 < f < A:} is a Leinert set, the result in 
[A074j does recover Kesten’s theorem as well. Like in |K58| . the norm of an element of the 
form L = in |AU74j is calculated by evaluating lim„ (by compnting 

the generating function of the moments of L*L). 

An argument similar to [K58j was used in |Le96j to prove that, conversely, if some elements 
gi,...,gn in a group T satisfy ||B”^^A(( 7 j)|| = then gi,...,gn is a Leinert set. On 

the other hand, note that if gi,...,gn are n arbitrary elements in an arbitrary gronp T and 
we denote L = B”^^A(g'i) the corresponding Laplacian, then the n’th moment r((L*L)”) is 
bonnded from below by the n’th moment of the Laplacian obtained by taking gi to be the 
generators of F„. Thus, we always have ||B”^^A( 5 i)|| > 2y/n — 1. More generally, if vi,...,Vn 
are unitaries in a von Neumann algebra M with normal faithful trace state r, such that any 
word Vi,v* Vi^v* ....Vi V* , Vm > 1, VI < ik,jk < n, has trace with non-negative real part, then 
> 2y/n — 1. In particular, for any unitaries ui,...,Un G M one has <8* n7|| > 

2v4^. 

For convenience, we state below some norm calculations from |AU74j . formulated in the form 
that will be used in the sequel: 

Proposition 2.1 f |A074] L If vi,V 2 , ...,Vn-i G M are freely independent Haar unitaries, then 


\\l + j:^-lvi\\=2V^^. ( 2 . 1 ) 

Also, i/oo,..., On-i € C, Sjlojp = 1, then 

llaol + ^IZloiiViW < 2^1-1/n. (2.2) 

Note that m above shows in particnlar that p,q G M are projections with t{p) = 1/2 
and T{q) = 1/n, for some n > 3, and they are freely independent, then \\qpq\\ = 1/2 -|- 


y/n — 1/n. Indeed, any two such projections can be thought of as embedded into L(F 2 ) with 
p and q lying in the MAS As of the two generators, p £ Ai, respectively q £ A 2 . Denote 
V = 2p—l. Let qi = q,q 2 ,...,qn £ A 2 be mutually orthogonal projections of trace 1/n and 
denote u = where A = 2exp(27ri/n). It is then easy to see that the elements 

Vk = vu^vu~^, k = 1,2, ..., n — 1 are freely independent Haar unitaries. By (12.11) we thus have 
\\T,^Zqu’^vu~^\\ = ||1 -|- = 2-v/n^M. But Tlf'ZQU^vu~^ = n{YIt^.^qjvqj), implying 

that 

®See also the more “rough” norm estimates for elements in I/(F„) obtained by R. Powers in 1967 in relation 
to another problem of Kadison, but published several years later in | Po75| . and which motivated in part the 
work in |A074| . 
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or equivalently 


\\qvq\\ = \\q{2p - l)g|| = 2Vn- 1/n = 2v^r(g)(l - r(g)) 


\\qpq\\ = 1/2 + Vn - 1/n = r(p) + Vr(g)(l - r(g)). 

The computation of the norm of the product of freely independent projections q,p of arbitrary 
trace in M (in fact, of the whole spectral distribution of qpq) was obtained by Voiculescu in 
[Vo86| , as one of the first applications of his mnltiplicative free convolution (which later became 
a powerful tool in free probability). We recall here these norm estimates, which in particular 
show that the first of the above norm calculations holds true for projections q of arbitrary trace 
(see also |ABH87j for the case T{q) = 1/n, r(p) = 1/m, for integers n > m > 2): 

Proposition 2.2 ( [Vo86] ). If p,q ^ M are freely independent projections with T{q) < t{p) < 
1/2, then 

\\qpq\\ = t{p) + T{q) - 2r(p)r(g) + 2^Jt{p) r(l - p) T{q) r(l - q). (2.3) 

If in addition t{p) = 1/2 and we denote v = 2p — 1, then 

\\qvq\\ = 2^/T{q)T{l - q). (2.4) 


3 L-free sets of contractions and their dilation 

Recall from wm that two selfadjoint sets X,Y C M © Cl of a tracial von Neumann algebra 
M are called freely independent set^ if the trace of any word with letters alternating from X 
and Y is equal to 0. Also, a subalgebra B C M is called freely independent of a set X, if 
X and R 0 Cl are freely independent as sets. Several results were obtained in |P13j about 
constructing a “large subalgebra” B inside a given subalgebra Q G M that is freely independent 
of a given countable set X. Motivated by a condition appearing in one such result, namely |P13[ 
Theorem 4.1], and by a terminology used in |A074| . we consider in this paper the following 
free independence condition for arbitrary elements in tracial algebras: 

Definition 3.1. Let (M, r) be a von Neumann algebra with a normal faithfnl tracial state. A 
subset A C M is called L-fre^ if 


r(xiX 2 • • • X 2 fc-iX 2 fc) = 0 and t(x*X 2 • • • X 2 fc_iX 2 fc) = 0 , 


whenever k > 1, xi,..., X 2 k £ X and Xi ^ Xj+i for alH = 1,..., 2A; — 1. 


Note that if the snbset X in the above definition is taken to be contained in the set of canonical 
nnitaries {ug | s' G T} of a group von Nenmann algebra M = L{T), i.e. X = {ug \ g G F} 
for some snbset F G T, then L-freeness of X amounts to F being a Leinert set. Bnt the key 
example of an L-free set that is important for us here occurs from a diffuse algebra B that is 
free independent from a set Y = Y* G M Q Cl: given any yi, ■ ■ ■ ,yn G Y and any unitary 
element u G II{B) with r(u^) = 0, l<A:<n — 1, the set {u^~^ykU~^^^ | 1 < fe < n} is L-free. 

^We specifically consider this condition for subsets X,Y G M Q Cl, not to be confused with the freeness of 
the von Neumann algebras generated by X and Y. 

®Note that this notion is not the same as (and should not be confused with) the notion of L-sets used in 
[Pl9^ . 
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Note that we do need to impose both conditions on the traces being zero in Definition 3.1, 
because we cannot deduce t{x\x 2 x'^xi) = 0 from r^yiy^ysyl) — ^ for all yi £ X with yi / y 2 , 
2/2 / 2 / 3 , 2/3 7 ^ 2/4- However, if X C U{M) consists of unitaries, then only one set of conditions 
is sufficient. We in fact have: 

Lemma 3.2. Let X = {ui,... ,Un} C IA{M). Then the following conditions are equivalent 
(o) X is an L-free set. 

(b) T{ui.^u*^ ■ ■ ■ Ui^u*^) = 0 whenever k > 1 and is / js, js 7^ for all s. 

(c) UiU 2 , ..., u^Un are free generators of a copy of L(F„_i). 


Proof. This is a trivial verification. 


□ 


Corollary 3.3. If {ui, ...,Un} is an L-free set of unitaries inlA{M), then 
Moreover, if ai, ...,an G C with < 1, then 


n 

i=l 


< 2a/ 1 - 1/n. 


2^/fr^. 


Proof. Since = ||ail + the statement follows by applying () 2 . 2 I) to the 

freely independent Haar unitaries vj = u^uj, 2 < j < n. □ 

Proposition 3.4. Let M be a finite von Neumann algebra with a faithful tracial state r. If 
{xi,... ,Xn} C M is an L-free set with ||xi|| < 1 for all i, then there exists a tracial von 
Neumann algebra (A4 ,t), a trace preserving unital embedding M C M. and an L-free set of 
unitaries {Ui ,..., Un} C U{M.) with Ai = Mn+i{C)®M. so that, denoting by the 

matrix units of Mn+i{C), we have eooUieoo = Xi for all i. 


Proof. Define M. = M * and denote by Uij, i / j, free generators of 

For every i G {1, ..., n}, define 

Ci = y/l - XiX* and di = --/l - x*Xi . 

Put M. = M„+i(C) (8* M. and define the unitary elements Ui G IA{M.) given by 


Ui = (eoo ® Xi) + {eu ® x*) + {eoi 0 c/ + (ejo ® di) + (g) u 

Note that Ui is the direct sum of the unitary 




Xi Ci 
di X* 


in positions 0 and i, and the unitary Uij in the positions j / i. 


By construction, we have that eoot^eoo = XiCoQ. So, it remains to prove that {Ui ,..., Un} is 
L-free. 


Take k > 1 and indices is,js such that ig 7 ^ js, js 7 ^ is+i for ah s. We must prove that 

T{u,u;^---u,,ui) = o. (3.1) 

Consider V := Ui^UJ^ ■ ■ ■ Ui^UJ^ as a matrix with entries in Ai. Every entry of this matrix is a 
sum of “words” with letters 


{xi,x*,Ci, di\i = l,...,n}U {uij,u*j | i / j} . 

We prove that every word that appears in a diagonal entry Vu of V has zero trace. The following 
types of words appear. 
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1° Words without any of the letters Ua^b or These words only appear as follows; 

• in the entry Vqo as Xi^x*^ ■ ■ ■ which has zero trace; 

• if ii = jk = i, in the entry Vu as w = diX*^Xi^x*^ ■ ■ ■ Xi^_^x*^_^Xi^^d*. Then we have 

t{w) = r(x*jXi2 • • • x*^_^Xi^ d*di) 

= r(x*jXi2 • • • x*^_^Xi^) - r(x*^Xi2 • • • x*^_^Xi^^ x*Xi) 

= 0 - T{Xi^X*^ ■ ■ ■ Xi^XjJ = 0 , 

because i = ii and i = jk- 


2° Words with exactly one letter of the type Ua^b or n* These words have zero trace because 
T{MUa,bM) = {0}. 

3° Words w with two or more letters of the type Ua^b or u*f^. Consider two consecutive such 
letters in w, i.e. a subword of w of the form 

ulj Wo ul'j, 

with e, e' = ±1 and where wo is a word with letters from {x^, x*, q, dj | i = 1,..., n}. We 
distinguish three cases. 

• i£',i',j') ^ {-£,i,j)- 


• Uij Wo U*j. 

• ul^wouij. 

To prove that t{w) = 0, it suffices to prove that in the last two cases, we have that t{wo) = 0. 
A subword of the form Uij wo u*j can only arise from the jj-entry of 

Ul--- U,, with is=jt = i, js = it =3 
(and thus, t > s + 2). In that case, 

Wq — Cj • • • Xi^_^Xj^_^ Cj . 


Thus, 


t{wo) = • • • Xi,_^x*^_^ CjC*) 

= r{xi^+,xl^^ • • • Xi,_,x*^_ J - T{xi^^^xl^^ • • • Xi,_^xl_^ XjX*) 
= 0 - T{xjX,+i ■ ■ ■ Xj,_^Xi,) = 0 , 

because j = js and j = it- 

Finally, a subword of the form u*j wo Uij can only arise from the jj-entry of 

■ ■ ■ Ujt-iUit with js-i = it = i , is = jt-i = j 
(and thus, t > s + 2). In that case, 

Wo = dj x*^Xi^+i • • • x*^_^Xi,_^ d* . 

As above, it follows that t{wo) = 0. 
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So, we have proved that every word that appears in a diagonal entry Va of V has trace zero. 
Then also t(V) = 0 and it follows that {C/i,..., [/„} is an L-free set of unitaries. □ 

Corollary 3.5. Let (M,t) he a finite von Neumann algebra with a faithful normal tracial state. 
If {xi,... ,Xn} C M is L-free with ||xj|| < 1 for all i, then 


< 2y/n — 1 . 

i=l 

More generally, given any complex scalars ai, ...,an with < 1, we have 

n 

<2^/T^^TJn . 

i=l 

Proof. Assuming n > 2, with the notations from Proposition 13.41 and by using Corollary 13.31 


we have 


E7=la^U^ <2^/1^ n. Reducing with the projection eoo, it follows that 


lE 

2=1 


CXjXj 


< 2 ^ 1 - 1 / 


n 


□ 


4 Applications to paving problems 


Like in |PT3], |PVT4] . if A C At is a MAS A in a von Neumann algebra and x E At, then we 
denote by n(A. C A4]x,e) the smallest n for which there exist projections pi,... ,pn & A and 

a E A such that ||a|| < ||a:||, Y17=iPi ~ ^ Yll=iPi^Pi ~ ® 

that n(A. C At;x,e) = oo if no such finite partition exists), anc 


< e||x|| (with the convention 
call it the paving size of x. 


Recall also from [D54| that a MAS A A in a von Neumann algebra At is called singular, if the 
only unitary elements in At that normalize A are the unitaries in A. 


Theorem 4.1. Let An C Mn he a sequence of singular MAS As in finite von Neumann algebras 
and vj a free ultrafilter on N. Denote M = Mn and A = A„. Given any countable set 

of contractions A C M© A and any integer n>2, there exists a partition of 1 with projections 
pi,...,Pn E A such that 


IE 


PjXpj 


< 2'fin — 1/n, for all x £ X 


In particular, the paving size of A C M, 

n(A C M; e) sup{n(A C M; x, e) | x = x* E M 0 A} 
is less than 4e“^ + 1, for any e > 0. 


Proof. By Theorem 4.1(a) in [P13| . there exists a diffuse abelian von Neumann subalgebra 
Aq C A such that for any k > 1, any word with alternating letters x = xoH^^fiviXi) with 
Xj E A, 1 < z < A; — 1, xo, Xfc E A U {1}, Xj E Aq 0 Cl, has trace equal to 0. 
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This implies that if pi,...,pri £ A are projections of trace 1/re summing up to 1 and we 
denote u = where A = exp(27ri/re), then for any x £ X the set {u''~^\ 

i = 1,2,..., re} is L-free. Since = Ti^^^pixpi, where pi, ...,pri, are the minimal 

spectral projections of re, by Proposition 13.41 it follows that for all x G X we have 

\\YX.pixpi\\ = — ||S/^ire*“^xre“*’''^|| < 2y/n — 1/re. 
re 

To derive the last part, let e > 0 and denote by re the integer with the property that 2re“^/^ < 
e < 2{n - l)-i/2. If X G M © A, ||x|| < 1, and pi,...,pn G A are mutually orthogonal 
projections of trace 1/re that satisfy the free independence relation with X = {xj as above, 
then re < 4e“^ + 1 and we have 


||S/^]^Pjxpj|| < 2y/n — 1/re < £, 

showing that n(A C M; x,£) < 4e“^ + 1. □ 

Remark 4.2. The above result suggests that an alternative way of measuring the so-paving size 
over a MASA in a von Neumann algebra A <Z M admitting a normal conditional expectation, 
is by considering the quantity 

£{A C M;re) sup (inf{||S/^iPjxpi|| | pi G V{A‘^),J:iPi = 1}). 

With this notation, the above theorem shows that for a singular MASA in a IIi factor A C M, 
one has £{A C M;n) < 2y/n — 1/re, Vre > 2, a formulation that’s slightly more precise than 
the estimate ns(A C M^e) = n(A‘^ C < 4e“^ -|- 1. Also, the conjecture (2.8.2° in 

|PV14j i about the so-paving size can this way be made more precise, by asking whether e(A C 
M;re) < 2^/n — 1/re, Vre, for any MASA with a normal conditional expectation A C M. It 
seems particularly interesting to study this question in the classical Kadison-Singer case of the 
diagonal MASA T> C B = and more generally for Cartan MAS As A C M. So far, the 

solution to the Kadison-Singer paving problem in [MSS13j shows that e(P C B;n) < 12re“^/'^. 

Also, while by [CEKPO^ one has n(P C B‘,£) > and by [PV14| one has ns(A C M;e) = 
n(A‘^ C > e“^, for any MASA in a IIi factor A C M, it would be interesting to decide 

whether e(P C B; re) and e(A d M;n) are in fact bounded from below by 2\/n — 1/re, Vre. 

For a singular MASA in a IIi factor, A C M, combining 14.11 with such a lower bound would 
show that e{A C M;n) = 2y/n — 1/re, Vre. While we could not prove this general fact, let us 
note here that for certain singular MASAs this equality holds indeed. 

Proposition 4.3. 1° Let M he a IIi factor and A <Z M a MASA. Assume v £ M is a 
unitary element with t{v) = 0 such that A is freely independent of the set {v,v*} {i.e., any 
alternating word in AqCI and {re, re*} has trace 0). Then for any partition of 1 with projections 
pi,...,Pn £ A‘^ we have ||F/^j^pjrepj|| > 2-v/re^M/re, with equality iff all pi have trace 1/re. Also, 
£{A C M;re) > 2y/n — 1/re, Vre. 

2° If M = L(Z * (Z/2Z)), A = T(Z) and re = re* denotes the canonical generator o/L(Z/2Z), 
then e(A C M; re, re) = e(A C M; re) = 2y/n — 1, Vre. 

Proof. The free independence assumption in 1° implies that A^0C and {re, re*} are freely inde¬ 
pendent sets as well. This in turn implies that for each i, the projections pi and vpiV* are freely 
independent, and so by Proposition 12.21 one has ||pirepj|| = ||pjrepjre*|| = 2^r(pj)(l — T{pi)). 
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Thus, if one of the projections Pi has trace r(pj) > 1/n, then HSjPjupjH > ||piupi|| > ‘l^n — Ijn, 
while if T{pi) = 1/n, Vi, then HSjPjupjH = 2-v/n — 1/n. 

By applying 1° to part 2°, then using ITTl and the fact that A = T(Z) is singular in M = 
L(Z * (Z/2Z)) (cf. |P81] 1. proves the last part of the statement. □ 
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